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ABSTRACT
Barotropic rotation and radiative equilibrium are mutually incompatible in stars. The issue is
often addressed by allowing for a meridional circulation, but this is not devoid of theoretical
complications. Models of rotation in the Sun which maintain strict radiative equilibrium, mak-
ing use of the observation that the Sun is not in a state of barotropic rotation, have recently
been suggested. To investigate the dynamical behaviour of these solutions, we study the local
stability of stratified, weakly magnetized, differentially rotating fluids to non-axisymmetric
perturbations. Finite heat conductivity, kinematic viscosity, and resistivity are present. The
evolution of local embedded perturbations is governed by a set of coupled, ordinary differ-
ential equations with time-dependent coefficients. Two baroclinic models of rotation for the
upper radiative zone and tachocline are studied: (i) an interpolation based on helioseismology
data, (ii) a theoretical solution directly compatible with radiative equilibrium. The growth of
the local Goldreich-Schubert-Fricke instability appears to be suppressed, largely because of
the viscosity. An extensive exploration of wavenumber space is carried out, with and without
a magnetic field. Although we easily find classical local instabilities when they ought formally
to be present, for the Sun the analysis reveals neither unstable solutions, nor even solutions
featuring a large transient growth. We have not ruled out larger scale or nonlinear instabilities,
nor have we rigorously proven local stability. But rotational configurations in close agreement
with observations, generally thought to be vulnerable to the classic local Goldreich-Schubert-
Fricke instability, do appear to be locally stable under rather general circumstances.
Key words: hydrodynamics - instabilities - stars: rotation - Sun: helioseismology - Sun: inte-
rior - Sun: rotation
1 INTRODUCTION
The remarkable development of helioseismology techniques has en-
abled the study of the internal rotation of the Sun. The rich and
complex findings (Howe 2009) were very surprising, as most inves-
tigators expected a barotropic pattern of differential rotation fixed
on cylinders. There is no widespread consensus for the explana-
tion of the observations, and the topic is being investigated both by
numerical (see e.g. Brun et al. 2011) and theoretical analyses (e.g.
Balbus et al. 2009). While progress has been made, mainly for our
understanding of the convective zone, many issues remain. These
include the as yet uncertain physics of the upper radiative zone and
the tachocline, the relatively thin transition region between the ra-
diative and convective zone.
The well known theorem of Von Zeipel states that a star in
uniform or (more generally) barotropic rotation cannot be in radia-
tive equilibrium (see e.g. Schwarzschild 1958). The classic resolu-
tion is that residual thermal energy imbalance is compensated by
means of a mean velocity flow, the Eddington-Sweet circulation.
However, the inclusion of meridional circulation in the equations of
? E-mail: andrea.caleo@astro.ox.ac.uk
stellar structure is ineffective where the entropy gradient vanishes,
and there are further complications originating from the azimuthal
component of the Euler equation of motion (see Caleo et al. 2015,
hereafter CBP15, and Tassoul 2000 for a discussion). One is then
compelled to consider non-steady models or to introduce a well-
chosen background magnetic field. Building a simple, comprehen-
sive model for rotating stars, when such meridional circulation is
included is not straightforward. Both for these reasons, and because
baroclinic rotation does not preclude strict radiative equilibrium,
we have calculated an explicit diffusive radiative equilibrium model
for the upper radiative zone and tachocline (CBP15). The model is
time-steady and features a small baroclinic deviation from uniform
rotation. To be viable, however, such models must be stable. Are
these solutions actually stable? In this paper, we begin an investi-
gation of this question, by studying the local stability behaviour of
such configurations and, more generally, of models compatible with
the helioseismology data.
The literature on the local stability of differential rotation,
which is also relevant to the study of accretion discs and accre-
tion flows, is vast. However, the analysis is difficult to treat in its
full generality, i.e. with the inclusion of all the relevant diffusive
terms (thermal diffusion, viscosity and resistivity) and allowing for
c© 2015 RAS
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non-axisymmetric perturbations. In this paper, we develop a general
diffusive treatment in a local context, deriving a set of equations
for the time-evolution of embedded local linear perturbations under
conditions in which the equilibrium is both shearing and stratified.
This requires a Lagrangian approach, using coordinates tied to the
background flow. We then apply the equations to the upper radiative
zone of the Sun. This extends the study of stability to axisymmetric
perturbations by Menou et al. (2004), hereafter MBS04, by consid-
ering non-axisymmetric modes. We apply these techniques to two
patterns of rotation that are compatible with helioseismology data.
An outline of the paper is as follows. Section 1.1 summarizes
the current knowledge on the local stability of differentially ro-
tating fluids and motivates the need of a general treatment which
includes the presence of finite diffusivities and non-axisymmetric
perturbations. Section 2 is a derivation of the equations for the evo-
lution of a perturbation in this general case. In section 3, we in-
troduce two models of differential rotation for the upper radiative
zone. In section 4 we revisit the Goldreich-Schubert-Fricke (here-
after GSF) instability (Goldreich & Schubert 1967, hereafter GS67)
and discuss its onset for the two models of rotation. In section 5 we
present a study of a large variety of perturbation solutions, with
initial wavenumbers selected both systematically and (to minimise
bias) stochastically across the space of parameters. Section 6 sum-
marizes our results.
1.1 Previous results on the stability of differentially rotating
stars
We use both standard spherical coordinates (r, φ, θ) as well as
cylindrical coordinates (R,φ, z). The background rotation is az-
imuthally symmetric, but otherwise arbitrary: Ω = Ω(r, θ) or
Ω = Ω(R, z).
1.1.1 Axisymmetric perturbations
The stability conditions for adiabatic, axisymmetric perturbations
in a non-magnetic star are a classic result from the linear theory
of differentially rotating stars, historically attributed to Solberg and
Høiland (e.g. Tassoul 2000). The Solberg-Hoiland criteria state that
such systems are stable if:
N2 +
1
R3
∂l2
∂R
> 0, (1)
(−∂P
∂z
)(
∂l2
∂R
∂σ
∂z
− ∂l
2
∂z
∂σ
∂R
) > 0, (2)
where N2 is the usual Brunt-Va¨isa¨la¨ frequency
N2 = − 1
γρ
dP
dr
dσ
dr
, (3)
and σ = ln (Pρ−γ) is a dimensionless entropy variable. Finally, γ
is the adiabatic index, ρ the mass density in the star, P the pressure,
and l the specific angular momentum:
l = ΩR2. (4)
An important modification of this result comes from introduc-
ing a finite thermal diffusivity. The destabilising effect of thermal
diffusion was studied by GS67 and Fricke (1968), who considered
axisymmetric perturbations in a non-magnetic star with a finite ther-
mal diffusion coefficient ξrad and kinematic viscosity ν. The au-
thors found that if the heat leakage due to thermal diffusion from a
perturbed fluid element is sufficiently rapid, the restoring effect of
buoyancy is lost. It was found that when
ν/ξrad → 0, (5)
there are always unstable modes unless
∂(ΩR2)
∂R
> 0 (6)
and
∂Ω
∂z
= 0, (7)
i.e., the specific angular momentum must increase outwards, as per
the well-known Rayleigh criterion, and the angular velocity must
be fixed on cylinders.
How efficient would the GSF instability be in redistributing
the angular momentum in a star that doesn’t comply with equa-
tion (7)? The answer to this question is not simple, even in the
linear regime. The growth time-scale of the instability is relatively
long, generally of order the Kelvin-Helmoltz time-scale (Kippen-
hahn 1969), and possibly longer (James & Kahn 1971, Kippen-
hahn et al. 1980). A small compositional gradient could render the
fluid stable (Knobloch & Spruit 1983). Finally, a subtle feature of
the analysis by GS67, though noted early on (e.g. Acheson 1978,
Knobloch & Spruit 1982, and MBS04), is often ignored. Equations
(6) and (7) are strictly correct only when ν/ξrad is sufficiently small.
Small compared to what? A careful analysis shows that being small
compared to unity is not sufficient: ν/ξrad must be small compared
with the squared ratio of Ω over the Brunt-Va¨isa¨la¨ frequency. This
condition may not be strictly valid in much of the radiative zone.
It is therefore necessary to retain the viscosity ν when studying the
behaviour of these local perturbations. We discuss this issue in sec-
tion 4. While other hydrodynamic instabilities have been investi-
gated in the years following (e.g. Heger et al. 2000), the GSF in-
stability deserves particular attention in stellar radiative zones. In
fact, Knobloch & Spruit (1982) argued that the GSF instability is
one of the few hydrodynamic processes that can transport angular
momentum across surfaces of constant pressure.
As a remnant of their formation, the Sun and the other stars
are expected to have an internal magnetic field of indeterminate
strength. The diffusion time-scale of such a fossil magnetic field
is very long (see e.g. Parker 1979 and Mestel 1999). Developments
in the last decades, stemming from the studies of accretion disc sta-
bility, have made it clear that consideration of even weak magnetic
fields is often essential for an understanding of the dynamics of
shearing fluids (see e.g. the magneto-rotational instability (MRI),
Balbus & Hawley 1991). The effects of toroidal magnetic fields in
the context of differentially rotating stars had been discussed by
Acheson (1978), who noted that the presence of such weak fields
can change the results by GS67. Balbus (1995) derived the disper-
sion relation for linear axisymmetric perturbations in a weakly mag-
netized non-diffusive star. For even very weak background mag-
netic fields, the conditions for stability are independent of the mag-
netic field:
N2 +
∂Ω2
∂ lnR
> 0, (8)
(−∂P
∂z
)(
∂Ω2
∂R
∂σ
∂z
− ∂Ω
2
∂z
∂σ
∂R
) > 0, (9)
i.e., the same as equations (1) and (2) but with the angular velocity
replacing the specific angular momentum. The range of magnetic
c© 2015 RAS, MNRAS 000, 1–11
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field strength for the validity of the stability criteria (8) and (9) de-
pends on the diffusion coefficients (see section 2.4 of Balbus 1995
for a discussion). For typical solar values, the criterion is valid for
B > 102 G.
These considerations prompted MBS04 to conduct a more
general axisymmetric analysis in magnetised stars, including ther-
mal diffusivity ξrad, viscosity ν, and magnetic resistivity η. They
derived a fifth-order dispersion relation and discussed several nec-
essary conditions for stability in the case in which one of the three
diffusivities is zero, recovering the conditions we have described
here. They then applied the full dispersion relation to the upper ra-
diative zone of the Sun, finding that the addition of a third, weak
diffusivity is often able to stabilise an unstable double-diffusive sit-
uation. The radiative zone of the Sun may be subject to unstable
modes if moderate or strong radial gradients of angular velocity
were present. This is not the case, at least in the bulk of the radia-
tive zone, which is found to be in near-uniform rotation (see section
3). Menou & Le Mer (2006) have then surveyed the axisymmet-
ric stability of the early (faster rotating) Sun and showed that it may
have been more prone to rotational instabilities than the current Sun.
They found that MHD modes are most likely more efficient at trans-
porting angular momentum than the hydrodynamic instabilities in
stellar interiors.
1.1.2 Non-axisymmetric perturbations
Studies of the stability of differentially rotating stars is often re-
stricted to axisymmetric perturbations. This is primarily due to the
complications associated with the behaviour of non-axisymmetric
fluid displacements, which in general cannot be described by a lo-
cal plane wave dispersion relation.
A study of the local linear behaviour of three-dimensional fluid
displacements in a shearing and stratified background medium was
conducted by Balbus & Schaan (2012) (the classic “shearing-sheet”
reference is Goldreich & Lynden-Bell 1965). They make use of La-
grangian cylindrical coordinates (R′, φ′, z′, t′), locally comoving
with the fluid and related to the Eulerian coordinates by:
R′ = R, φ′ = φ− Ωt, z′ = z, t′ = t, (10)
with Ω = Ω(R, z). In the WKB limit, when written in Lagrangian
coordinates the perturbations have the familiar plane wave spatial
dependence:
exp[i(k′RR
′ +mφ′ + k′zz
′)]. (11)
In these (but not in standard Eulerian) coordinates, the components
of the wave vector k′ are constants.
The partial derivatives with respect to the Eulerian coordinates
(R,φ, z, t) are related to the Lagrangian coordinates by:
∂
∂R
=
∂
∂R′
− t ∂Ω
∂R
∂
∂φ′
, (12)
∂
∂φ
=
∂
∂φ′
, (13)
∂
∂z
=
∂
∂z′
− t∂Ω
∂z
∂
∂φ′
, (14)
∂
∂t
=
∂
∂t′
− Ω ∂
∂φ′
. (15)
This is equivalent to introducing time dependent Eulerian waveum-
bers,
kR(t) = k
′
R −mt∂Ω
∂R
, kz(t) = k
′
z −mt∂Ω
∂z
, (16)
withm unchanged. (In this way, it is possible to formulate the prob-
lem entirely in Eulerian coordinates, though in our view it is less
natural.) Since the Eulerian wavenumbers depend on time, the coef-
ficients in the governing evolutionary fluid equations must depend
on time as well, and simple harmonic wave solutions of the form
eiωt do not exist.
The wave vector k is constant either whenm = 0 (axisymme-
try), or when
∂Ω
∂R
= 0 and
∂Ω
∂z
= 0, (17)
i.e., the case of uniform rotation. In these two instances, a disper-
sion relation for the evolution of the perturbations can be derived.
Balbus & Schaan (2012) discuss the dispersion relation for non-
axisymmetric displacements in the case of uniform rotation. They
note that in some instances, “the pure m modes are more unsta-
ble than are modes contaminated by poloidal wavenumber compo-
nents”. For convectively unstable flows it is not unusual to find that
the axisymmetric perturbations are stable, whereas high m modes
are not. It is therefore of great importance to consider the full 3-
dimensional case.
Several studies (e.g. Acheson 1978, Masada et al. 2007,and
Kagan & Wheeler 2014) neglect the time-dependence of kR and
kz in the nonaxisymmetric case. This restricts their range of valid-
ity. The latter two papers explicitly note that the analysis is valid
only when the axisymmetric component of the wave vector is small
enough not to be significantly sheared with time. However, it is un-
clear how this approximation is included in the analysis, and the
actual dynamics (as opposed to the rotational kinematics) may be
correct only to zeroth order inm, i.e. the axisymmetric limit. In par-
ticular, Kagan & Wheeler (2014) (see also Parfrey & Menou 2007)
study the growth rate of the MRI in the upper radiative and convec-
tive regions of the Sun and suggest that the unstable MRI modes
may play a dominant role in the generation of the toroidal magnetic
field near the tachocline. However, this conclusion is based upon the
behaviour of their fastest growing modes, which are, in fact, fully
non-axisymmetric. This rich problem merits a fully self-consistent
nonaxisymmetric local analysis.
2 LOCAL LINEAR GROWTH OF PERTURBATIONS IN A
SHEARING FLUID
We present here the equations for the local linear growth of in-
compressible WKB perturbations in a weakly magnetized, shear-
ing fluid in the triple-diffusive case for a generic Lagrangian wave
vector k′R = (k
′
R, k
′
φ, k
′
z). The axisymmetric limit of this is pre-
sented in MBS04, while the adiabatic limit is presented in Balbus
& Schaan (2012). The azimuthal component of the wave vector, ex-
pressed henceforth as k′φ, is related to the notation of section 1.1.2
by k′φ = m/R.
2.1 The fluid equations
The governing equations are:
∂ρ
∂t
+∇·(ρv) = 0, (18)
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ρ
Dv
Dt
+∇
(
P +
B2
8pi
)
− 1
4pi
(B·∇)B−ρg−ρν∇2v = 0, (19)
∂B
∂t
−∇× (v ×B)− η∇2B = 0, (20)
P
γ − 1
Dσ
Dt
− χ∇2T = 0, (21)
where v is the velocity of the fluid, ρ its density, P its pressure, B
the magnetic field, g the gravitational field, ν the kinematic viscos-
ity, η the resistivity, σ = log (Pρ−γ), γ the adiabatic index, χ the
heat conductivity, and T the temperature. The Lagrangian deriva-
tive D/Dt in its Eulerian form is as usual:
D
Dt
=
∂
∂t
+ (v·∇). (22)
As in MBS04, we neglect the spatial dependence of the diffusion
coefficients, which is appropriate for a local WKB analysis. We also
neglect the resistive and viscous dissipation terms in equation (21),
as they appear only at higher order; see Appendix A1 of MBS04.
We consider Eulerian perturbations (denoted by a prefix δ) of
a background medium. The perturbations have a local WKB plane
wave spatial dependence in the Lagrangian frame, as described
in section 1.1.2, with Lagrangian wave vector k′ = (k′R, k
′
φ, k
′
z)
and corresponding Eulerian wave vector k(t) = (kR(t), kφ, kz(t))
where kR(t) and kz(t) are given by equation (16). The equilibrium
state rotation is given by Ω = Ω(R, z)zˆ along the z-axis. We ne-
glect any bulk circulation in the star. We also neglect the effects our
perturbations have on the gravitational potential of the star (Cowl-
ing approximation). We make the weak field approximation and as-
sume that the magnetic field plays no role in the background equi-
librium state, but it can still be important for the evolution of pertur-
bations with large wavenumbers. We will explicitly state whenever
we neglect a magnetic term when equations (19) - (21) are per-
turbed.
We restrict nearly incompressible modes adopting a modified
Boussinesq approximation (Spiegel & Veronis 1960, Kundu et al.
2012). This involves replacing the continuity equation (18) with the
simpler condition:
∇·δv = 0, (23)
and neglecting perturbations in the density in equations (19) - (21),
except when ρ is multiplied by the gravity g, and (the “modifica-
tion”) in the entropy equation where it dominates over pressure per-
turbations δP . In our problem, equation (23) translates to
k·δv = 0. (24)
In this equation and in those that follow, it is understood that k
always refers to the Eulerian, time-dependent wave vector.
We also of course require the magnetic field to be divergence-
free:
k·δB = 0, (25)
a condition already ensured by (20) if it is imposed at t = 0.
2.2 First-order expansion of (19)
With a linear perturbation added to the velocity field, we set v =
ΩRφˆ+δv in equation (19). The leading order linear terms are given
by
δ
(
Dv
Dt
)
=
(DδvR
Dt
− 2Ωδvφ
)
Rˆ +
+
(Dδvφ
Dt
+ ΩδvR + δv·∇(ΩR)
)
φˆ +
+
(Dδvz
Dt
)
zˆ.
(26)
To express the first-order approximation of the second term of equa-
tion (19), we define the total (gas + magnetic) pressure in the plasma
as:
Pt = P +
B2
8pi
. (27)
The result is:
δ (∇Pt) ∼=
(
i
kR
ρ
δPt
)
Rˆ+
(
i
kφ
ρ
δPt
)
φˆ+
(
i
kz
ρ
δPt
)
zˆ. (28)
Assuming the equilibrium magnetic field and its spatial derivatives
to be small, we neglect the (δB·∇)B term in the first-order expres-
sion of the third term of equation (19) relative to spatial gradients
of δB. The result is:
1
4pi
(B·∇)δB ∼= 1
4pi
i(k·B)(δBRRˆ+ δBφφˆ+ δBz zˆ) (29)
We note that the azimuthal component of the background magnetic
fieldBφ is not independent of time, but satisfies the induction equa-
tion:
∂Bφ
∂t
= R(B·∇)Ω, (30)
which gives
Bφ = B
′
φ + tR(B·∇)Ω, (31)
where B′φ is the initial azimuthal component of the magnetic field.
Computing the dot product k·B by means of equations (16) and
(31), we obtain k(t)·B(t) = k′·B′. The quantity k·B is thus in-
dependent of time.
We adopt the standard Cowling approximation and neglect the
changes to the gravitational potential caused by linear perturbations.
We retain the buoyancy term in δρ g when perturbing equation (19).
Assuming hydrostatic equilibrium and axisymmetry for the back-
ground state, we have:
g =
1
ρ
∂Pt
∂R
Rˆ+
1
ρ
∂Pt
∂z
zˆ. (32)
Therefore:
δ(ρg) = (δρ)g =
(δρ
ρ
∂Pt
∂R
Rˆ+
δρ
ρ
∂Pt
∂z
zˆ
)
. (33)
Finally, the first-order approximation of the last term of equation
(19) is:
− ρν∇2v ' ρνk2(δvRRˆ+ δvφφˆ+ δvz zˆ). (34)
The resulting equations for the three components of equation (19)
are:
DδvR
Dt
= 2Ωδvφ +
δρ
ρ2
∂Pt
∂R
− ikR
ρ
δPt +
i(k·B)
4piρ
δBR−k2νδvR,
(35)
Dδvφ
Dt
= −ΩδvR−δv·∇(ΩR)− ikφ
ρ
δPt+
i(k·B)
4piρ
δBφ−k2νδvφ,
(36)
Dδvz
Dt
=
δρ
ρ2
∂Pt
∂z
− ikz
ρ
δPt +
i(k·B)
4piρ
δBz − k2νδvz. (37)
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2.3 First-order expansion of (20)
In the first-order expansion of equation (20), we neglect the term
(δv·∇)B by the weak field and WKB assumptions. Proceeding as
above, the components of the perturbed equation are found to be:
DδBR
Dt
− i(k·B)δvR + ηk2δBR = 0, (38)
DδBφ
Dt
− i(k·B)δvφ −R
(
(δB·∇)Ω)+ ηk2δBφ = 0, (39)
DδBz
Dt
− i(k·B)δvz + ηk2δBz = 0. (40)
2.4 First-order expansion of (21)
To compute the first-order expansion of equation (21), we make
the standard assumption that the displaced fluid element is in near
pressure equilibrium with its surrounding, because the time-scale
to reach such equilibrium is much shorter than any other relevant
time-scale.
δσ = δ log (Pρ−γ) =
δP
P
− γ δρ
ρ
' −γ δρ
ρ
. (41)
We also assume a perfect gas equation of state,
P =
ρ
µmP
kBT, (42)
where µ is the average chemical weight, mP is the mass of the pro-
ton, and kB is Boltzmann’s constant. Assuming a uniform chemi-
cal composition, we relate the perturbations in the pressure, density,
and temperature by:
δT
T
=
δP
P
− δρ
ρ
' −δρ
ρ
. (43)
(We note the retention of the δρ term, in accordance with our modi-
fied Boussinesq limit.) Proceeding as in section (2.2), the perturbed
entropy equation is found to be:
D
Dt
(δρ
ρ
)
− 1
γ
(
δvR
∂σ
∂R
+δvz
∂σ
∂z
)
+
γ − 1
γ
χk2
T
P
δρ
ρ
= 0. (44)
2.5 Reduction to real, coupled equations
We wish to reduce the perturbed equations to a set of real, coupled
ordinary differential equations. By multiplying equations (38), (39),
and (40) by i, the magnetic field perturbation δB always appears
with a factor if i in the perturbed equations. This is equivalent to a
simple change of phase by pi/2. To obtain a set of real equations,
we work with the variable
δC = iδB, (45)
in preference to δB itself.
We make use of equations (23) and (25) to replace δvφ and
δCφ:
δvφ = − 1
kφ
(kRδvR + kzδvz), (46)
δCφ = − 1
kφ
(kRδCR + kzδCz). (47)
It is also necessary to compute the Lagrangian time derivative of
equation (46), since the term Dδvφ/Dt appears in equation (36).
The result is:
Dδvφ
Dt
= − 1
kφ
(
kR
DδvR
Dt
+ kz
Dδvz
Dt
)
+R(δv·∇)Ω. (48)
2.6 Governing equations
Our strategy is to eliminate δvφ and δCφ in equations (35)–(40)
and(44)). We may then solve for
i
1
ρ
δPt (49)
in equation (36) and substitute this into equations (35) and (37). Fi-
nally, we rearrange equations (35) and (37) to isolate the Lagrangian
derivatives of δvR and δvz . The procedure is quite lengthy, but en-
tirely straightforward. Defining the Alfve´n velocity:
vA =
B√
4piρ
, (50)
the final form of the equations are:
DδvR
Dt
− k·vA√
4piρ
δCR + 2Ω
k2φ + k
2
z
kφk2
(kRδvR + kzδvz)−
− 2kφkR
k2
(δv·∇)(ΩR) + δρ
ρ2
(k2z
k2
D˜P − k
2
φ
k2
∂P
∂R
)
+
+ νk2δvR = 0,
(51)
Dδvz
Dt
− k·vA√
4piρ
δCz − 2ΩkRkz
kφk2
(kRδvR + kzδvz)−
− 2kφkz
k2
(δv·∇)(ΩR)− δρ
ρ2
(kRkz
k2
D˜P +
k2φ
k2
∂P
∂z
)
+
+ νk2δvz = 0,
(52)
DδCR
Dt
+ ηk2δCR +
√
4piρ(k·vA)δvR = 0, (53)
DδCz
Dt
+ ηk2δCz +
√
4piρ(k·vA)δvz = 0, (54)
D
Dt
(δρ
ρ
)
− 1
γ
(
δvR
∂σ
∂R
+δvz
∂σ
∂z
)
+
γ − 1
γ
χk2
T
P
δρ
ρ
= 0. (55)
In these equations, we have used the D˜ operator (Balbus 1995):
D˜ =
kR
kz
∂
∂z
− ∂
∂R
, (56)
and the coordinates of the Eulerian wave vector k are given by:
kR(t) = kR0 − kφ0Rt∂Ω
∂R
, (57)
m
R
≡ kφ = kφ0 = constant, (58)
kz(t) = kz0 − kφ0Rt∂Ω
∂z
, (59)
where kR0, kφ0, and kz0 are the initial values of the wave vector
components (corresponding to k′R, k
′
φ, and k
′
z in the notation of the
previous sections). Finally, the azimuthal components of δv and δB
are given by equations (46) and (47). Equations (51) - (55) consti-
tute a set of five ordinary differential equations with time-dependent
coefficients in the variables δvR, δvz , δCR, δCz , and δρ.
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3 THE ROTATION OF THE UPPER RADIATIVE ZONE
OF THE SUN
3.1 Model parameters
We use equations (51) - (55) to analyse the local stability of the
upper radiative zone of the Sun. The background state is given by
a standard, non-rotating solar model (Bahcall et al. 2005). We then
extract local values for the background P , ρ, and T and calculate
the gravitational field in the star from the mass distribution. The
background state in effect satisfies our equation (19) with v = 0
and B = 0. Just as with the magnetic field, the rotation does not
influence hydrostatic equilibrium at a significant level, but it is im-
portant for the behaviour of perturbations.
Observational constraints on the angular velocity are provided
by helioseismology, which shows a pattern of approximately uni-
form rotation throughout much of the radiative zone, but with sig-
nificant shear near the convective boundary. The uncertainty on
Ω depends on latitude, with values at the poles being relatively
more inaccurate. It is estimated to be of order 10% at the depth
of the radiative zone (R. Howe, private communication; see also
Eff-Darwich & Korzennik 2013). The situation is more difficult
to assess in the tachocline, which is not particularly well-resolved.
Models exist for the physics of the upper radiative zone yielding ro-
tation curves compatible with the helioseismology data, but neither
the models nor observations adhere to the strict GSF local stability
criterion of Ω being fixed on cylinders, ∂zΩ = 0 (CBP15). In sec-
tions 4 and 5 we investigate the local stability behaviour of two such
“GSF-violating” patterns of differential rotation with ∂zΩ 6= 0,
which we refer to as models A and B:
• Model A is the interpolation of a recent set of helioseismology
data by the GONG group (Hill & et al. 1996). The data and isorota-
tion contours are shown in figure 1. We approximate Ω(r, θ) with a
function of the form:
Ω2(r, θ) ∼= Ω20(r) + Ω22(r) cos2 θ, (60)
where fifth-order polynomials are used for Ω20(r) and Ω22(r). This
approximation reproduces the helioseismology data very accurately
(CBP15). While the Sun may or may not be in static radiative
equilibrium depending on fine rotational details, this model would,
strictly speaking, require some form of circulation or evolution to
maintain radiative equilibrium. This would not affect the analysis
of the present paper, which is concerned with timescales much less
than Kelvin-Helmholtz.
• Model B is the radiative rotation curve described by CBP15.
This curve, which also provides a good fit to the GONG data, is
derived by imposing the requirement of exact radiative equilib-
rium ∇·F rad = 0 in the radiative zone and in the tachocline.
Model B represents an alternative to the standard uniform rotation
model with thermal equilibrium maintained by meridional circula-
tion. It describes a time-steady, circulation-free state of strict radia-
tive equilibrium, both in the bulk of the radiative zone (where the
differential rotation is tiny) and in the tachocline (where it is signif-
icant). Model A and model B are both compatible with the data at
the current level of accuracy.
Models A and B are numerically similar, although their physi-
cal interpretation is different; see CBP2015 for a quantitative com-
parison. We report here just the angular velocity and its first deriva-
tives at r = 0.7R and θ = 45◦ for the two models:
ΩA = 2.7× 10−6rad s−1, ΩB = 2.7× 10−6rad s−1, (61)
Figure 1. Isocontours of the angular velocity Ω(r, θ) for 0.55R < r <
R (GONG data, Hill & et al. 1996).
(∂ ln Ω
∂ lnR
)
A
= −0.11,
(∂ ln Ω
∂ lnR
)
B
= −0.15, (62)
(∂ ln Ω
∂ ln z
)
A
= −0.24,
(∂ ln Ω
∂ ln z
)
B
= −0.26. (63)
For comparison, (N/Ω)2 ∼= 1.6× 105 in both models1.
The diffusivities are estimated in the same manner as MBS04.
We denote by χ the coefficient so denoted by the same letter by
MBS04. This differs from χ as used in GS67, even dimensionally.
The latter is related to the coefficient ξrad by MBS04 by:
ξrad = (γ − 1)χGS , (64)
where χGS is the quantity denoted as χ by GS67. Dimensionally,
[χ] = MLT−3K−1, [ξrad] = [χGS ] = L2T−1, where M,L, T,K
respectively represent mass, length, time, and temperature.
The thermal diffusion coefficients in the radiative zone of the
Sun are given by (see e.g. Schwarzschild 1958):
χ =
16T 3σ
3κρ
, (65)
ξrad =
γ − 1
γ
T
P
χ, (66)
where σ is the Stefan-Boltzmann constant and κ is the radiative
opacity. We have interpolated the Rosseland opacity κ(ρ, T ) from
the OPAL table for solar composition (Iglesias & Rogers 1996).
The kinematic viscosity is taken from Spitzer (1962), νd ' 21
cm2 s−1. The radiative viscosity is given by e.g. GS67 and yields
a small contribution to the total viscosity; with our solar model and
the Rosseland opacity interpolated from the OPAL table for solar
composition, we determine νr ' 2 cm2 s−1. We adopt the same
value of MBS04 for the resistivity η. Finally, the values we adopt
1 This shows that the stability criterion (8) is not violated at this depth
and latitude. We note that since there are locations near the tachocline with
∂ ln Ω2/∂ lnR < 0, there must be a region in whichN2 goes through zero
and equation (8) is not satisfied. However, this region is extremely narrow
in the current standard Solar model and becomes immediately convectively
unstable.
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for the diffusivities at r = 0.70R are: ξrad = 1.4 × 107 cm2
s−1, ν ' 23 cm2 s−1, η = 596 cm2 s−1.
Since ∂zΩ 6= 0, the naive expectation is that the GSF instabil-
ity should be present. In what follows, we discuss the occurrence
of this instability in the upper radiative zone of the Sun in section
4. We then present in section 5 the evolution of a variety of non-
axisymmetric solutions of equations (51) - (55).
3.2 The magnetic field in the radiative zone of the Sun
If a magnetic field with finite poloidal components BR, Bz and fi-
nite derivatives of angular velocity ∂RΩ, ∂zΩ are also present, the
azimuthal component of the background field B increases linearly
with time. This of course is also encountered in classical accretion
disc theory of the magnetorotational instability (MRI). It makes no
difference to the analysis so long as the background field remains
weak. In disc theory, the rapid breakdown of the flow into MHD
turbulence renders moot the problem of a progressive linear build-
up of the azimuthal field. In the stellar case, this could be an issue
in principle for an ostensibly stable rotation profile. Of course this
is true for any model analysis that does not have B · ∇Ω = 0,
and stability issues can arise (see e.g. Braithwaite 2009). The Sun
is, however, not in a state of uniform rotation, and it is magnetised.
After 4.5 billion years it is not unreasonable to assume that the mag-
netic field lies very nearly in constant Ω surfaces. Since our findings
of local stability are not sensitive to field geometry, we will ignore
the problem of strong field build-up, assuming that in regions of the
Sun that are not actively turbulent and dissipating magnetic field,
such strong growth is not occurring.
4 AXISYMMETRIC PERTURBATIONS: THE
GOLDREICH-SCHUBERT-FRICKE INSTABILITY IN
THE UPPER RADIATIVE ZONE OF THE SUN
The GSF instability affects axisymmetric perturbations in a rotat-
ing medium if the angular velocity is not constant on cylinders, i.e.
∂zΩ 6= 0, and a finite thermal diffusion coefficient ξrad is present.
We study here the evolution of perturbations under such conditions,
allowing for the introduction of a finite viscosity ν.
Analytically, the unstable modes may be identified by deter-
mining the sign of the last term of the dispersion relation of GS67,
eq. (32): whenever it is negative, the equation has an unstable solu-
tion. In the ν = 0 case, it is easy to see that unstable modes will be
found whenever ∂zΩ 6= 0, independently of the value of ξrad.
The region of the kR−kz space corresponding to the unstable
models is, by the classical GS criterion,
∂l
∂R
− kR
kz
∂l
∂z
> 0, (67)
where l = R2Ω, the specific angular momentum. For r = 0.7R,
θ = 45◦, there are unstable modes only when kR and kz have op-
posite signs. We show in figure 2 the region of the kR < 0, kz > 0
plane where unstable modes exist, for a large range of values of kR
and kz , for an angular velocity pattern corresponding to model A.
We also report the growth rate Tgr of the axisymmetric perturba-
tions, derived from the dispersion relation by GS67.
Matters are quite different when a finite viscosity is taken into
account. As discussed in section 1.1, some authors noted that even
a small viscosity ν  ξrad has a stabilising effect on the GSF insta-
bility. We have solved the GS67 axisymmetric dispersion relation
(their equation (32)). As the equation is quite lengthy, we shall not
Figure 2. Region of the kR < 0, kz > 0 plane where the GSF axisym-
metric instability occurs in the Sun, for r = 0.7R, θ = 45◦, in case of
no viscosity, for an angular velocity pattern corresponding to model A. The
growth time-scale Tgr of the instability is also shown. The numbers next to
the iso-contours correspond to the value of Log10(Tgr) with Tgr expressed
in seconds.
reproduce it here, but refer the reader directly to the original paper.
Over the range of kR, kz shown in figure 2 with ν = ν, we have
found no unstable behaviour: all the axisymmetric modes appear to
be stable.
Performing the same analysis for values of the co-latitude θ
in the 5◦ − 85◦ range, we find stability for all θ. We have also
performed the same analysis for the angular velocity pattern cor-
responding to model B, which is numerically similar to model A,
and find very little behavioural difference for ν = 0 and essen-
tially no difference for ν = ν. Finally, we have explored the case
ν = 0.5ν, to determine whether an order unity uncertainty on
the value of ν would bear any consequence on our analysis. Once
again, even with this reduced value of the viscosity there are no un-
stable modes. Evidently, the axisymmetric GSF instability does not
occur in the Sun, even if its pattern of rotation features a moderate
gradient of angular velocity, compatible with the data from helio-
seismology.
Although the Sun’s rotation profile does not appear to be vul-
nerable to the axisymmetric GSF instability, conditions in other
stars may be, and it is of interest to pursue equations (51) - (55)
to study the behaviour of a fluid which is axisymmetrically unsta-
ble in the presence of finite viscosity, allowing for the presence of
a magnetic field and finite kφ. The analysis of the current paper is
limited to the stability of modes in the current Sun, but a more gen-
eral study of the onset of the GSF instability in other environments
will be investigated in a subsequent publication.
5 STABILITY OF THE UPPER RADIATIVE ZONE OF
THE SUN
The main point of this paper is the study of the local stability of
non-axisymmetric displacements in a differentially rotating back-
ground, which requires the solution of a set of ordinary differential
equations not reducible to an algebraic dispersion relation. Since
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the wavenumber is varying, this approach seems more prudent than
trying to incorporate an intrinsically time-dependent wavenumber
into a dispersion relation formalism (e.g., Kagan & Wheeler 2014).
As seen from equations (57) - (59), perturbations with kφ 6= 0
become asymptotically axisymmetric as t → ∞, provided that
∇Ω 6= 0, though the time dependence of k is not lost. A gen-
eral stability analysis of the models of rotation of the upper ra-
diative zone described in section 3 requires the full solution of
equations (51) - (55) for any given initial wave vector k0, initial
conditions δv0, δρ0, and δB0. Non-modal (in the sense of non-
exponential and non-trigonometric) problems with similar features
have recently been discussed for the onset of the MRI in discs. Here,
transient growths of (eventually) stable modes are of particular sig-
nificance. Squire & Bhattacharjee (2014) discuss this topic and the
relevant methods in some detail. (See Trefethen & Embree 2005
for a rigorous mathematical presentation.) This method is computa-
tionally demanding and lies outside the scope of the current paper.
Here, we present a study of the transient evolution of a variety
modes for an arbitrary set of initial conditions, both systematically
and randomly selected. Our aim is to identify regions of instabil-
ity (more accurately, large transient growth) in the kR − kφ − kz
space, if any exist. As we have seen, the GSF instability occurs in
a broad section of the kR − kz plane when viscosity is ignored.
It is in principle possible that nonaxisymmetry might also tip the
balance. In fact, we find no large transient growth. We caution that
the limitations of our approach do not allow us to make a defini-
tive claim for the absolute stability of the models, as we have not
performed a complete exhaustive study of parameters. However, if
these models are unstable, something more than simple GSF be-
haviour is involved.
5.1 Details of our modes selection
We have selected a single set of initial conditions as follows: we
set δvz = 1 cm s−1 (the numerical value is arbitrary), δvφ = 0,
δρ0 = 0, δB0 = 0. We assign to δvR a different value for each
mode, chosen as to satisfy equation (24). We have studied modes
with initial wave vector components in the range:
kR0, kφ, kz0 : ± 2pi
10−2R
→ ± 2pi
10−14R
, (68)
The first limit guarantees that the wavelength of the perturbation is
small compared to the typical scale height of the structural proper-
ties of the Sun (∼ 10−1R), as required by the WKB approxima-
tion. The second limit guarantees that the wavelength is large com-
pared to the mean free path of the particles in the radiative zone of
the Sun (MBS04).
We focus on the non-degenerate case in which the values of
kR0, kφ, and kz0 are such that the absolute value of the ratio of any
two of the wave vector components is not smaller than 10−3. As
a consequence, we cannot reproduce instabilities that would occur
in the extreme degenerate case; but the axisymmetric limit can be
addressed via the dispersion relation. We select a value for the total
integration time by the following considerations. From (57) - (59),
kR and kz depend on time, while kφ is constant, so that the be-
haviour of any perturbation becomes increasingly (large wavenum-
ber) axisymmetric with time. The conditions for the perturbation to
be approximately axisymmetric are:
Rkφ
∂Ω
∂R
t kR0, Rkφ ∂Ω
∂R
t kφ, (69)
Rkφ
∂Ω
∂z
t kz0, Rkφ ∂Ω
∂z
t kφ. (70)
With values of the derivatives of Ω typical of models A and B, and
the requirement that |kφ/kR0| and |kφ/kz0| are not smaller than
10−3, these conditions are satisfied if t >> 109 s ∼= 30 y. We fol-
low the evolution of the perturbations an order of magnitude beyond
this, after which time the perturbations are very close to axisymmet-
ric.
To solve equations (51) - (55), it is necessary to specify the
strength and geometry of the background magnetic field in the up-
per radiative zone. We note that B appears in equations (51) - (55)
only via the term k·vA. We may thus treat this term as a constant
parameter. Unfortunately, k·vA is effectively a natural frequency of
the system and, in the most interesting case in which it is compara-
ble to (or higher than) the angular velocity Ω, its presence makes
following the evolution of the system computationally more de-
manding. Both for this reason and because the magnetic field ap-
pears not to play a destabilising role, we focus on the hydrody-
namic case, introducing a magnetic field in a small number of runs
described in section 5.1.3.
5.1.1 Systematic approach
We study the evolution of a sample of∼ 104 modes for both model
A and B. The wave vector components are given by the angles θk
and φk describing the orientation of k in spherical wavenumber
space:
kR0 = |k| sin(θk) cos(φk), (71)
kφ = |k| sin(θk) sin(φk), (72)
kz0 = |k| cos(θk). (73)
We follow perturbations at r = 0.70 R for a variety of modes
selected as follows. We choose 5 equally spaced values of the co-
latitude θ in the interval [5◦, 85◦]; we assign values of |k| so that
log10(|k|) = −10,−9, ..., 3; we select 5 equally spaced values of
θk in (0◦, 180◦), and 10 equally spaced values of φk in (0◦, 360◦).
We also include all the relevant values of θk and φk that are 1◦ away
from 0◦, 90◦, 180◦, 270◦. For present purposes, a transient growth
coefficient has been defined as the maximum of δv2(t)/δv2(t = 0).
For both models, this analysis has not revealed any mode that is
unstable or shows significant transient growth.
5.1.2 Random selection - hydrodynamic case
In the vA = 0 case, we have selected 105 runs for each of 9 equally
spaced values of the co-latitude θ in the interval 5◦ − 85◦, for both
models A and B, for a total of 1.8 × 106 modes, and tracked the
evolution of these modes. The modes have been generated from
uniform distributions for log10(|kR|), log10(|kφ|), log10(|kz|) with
the additional constraint that the absolute value of the ratio of any
two of the wave vector components is not smaller than 10−3.
No unstable modes were found. The vast majority of modes
were damped, with no traceable growth. A typical evolution is
shown in figure 3. The time-scale of the damping and, when present,
the oscillations, vary significantly between different modes. The
damping of the perturbations appears to be predominantly viscous.
Figure 4, for example, shows the behaviour of the perturbation with
the same wave vector as that of figure 3, but with an artificially
reduced viscosity of ν = 0.1ν.
We have identified about 102 modes that present a moderate
transient growth before eventually damping to zero. In all these
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Figure 3. Typical behaviour of a perturbation. This particular solution was
generated for the model A at θ = 45◦ with wave vector components kR0 =
2.1×10−4 cm−1, kφ = 4.2×10−7 cm−1, and kz0 = 1.3×10−5 cm−1.
The temporal axis is expressed in units of Ω−1 = 3.77 · 105 s, about 4.4
days.
Figure 4. Behaviour of the same perturbation of figure 3 with ν = 0.1ν.
The units are as in figure 3.
cases, the maximum growth factor is of order unity. These modes
have typically small wave number, |k| . 10−8 cm−1, feature mul-
tiple time-scales behaviour, and have a much longer damping time-
scale than the others. We show one such displacement in figures
5 (the short time-scale oscillations) and 6 (the long term integral
average of δv2(t)/δv20).
5.1.3 Magnetic case
As noted above,B appears in equations (51) - (55) only via the term
k·vA, a natural frequency of the system and a constant parameter.
Since our focus is on the stability of the differential rotation pat-
terns, we examine a variety of cases with k·vA  Ω, k·vA ∼ Ω,
or k·vA  Ω, studying the interplay between the magnetic and
rotational effects.
We selected 104 random modes for each of 9 equally spaced
values of the co-latitude θ in the interval 5◦ − 85◦, for both mod-
els A and B, for a total of 1.8 × 105 modes. As in section 5.1.2,
we varied kR0, kφ, and kz0 in the range (68). Adopting a uniform
distribution for log10(|k·vA|), we independently assigned random
Figure 5. Very short time-scale oscillations of a perturbation featuring long
term transient growth (figure 6 below). This particular solution was gener-
ated for the model A at θ = 85◦ and has wave vector components kR0 =
8.7 × 10−9 cm−1, kφ = 1.5 × 10−10 cm−1, and kz0 = 4.9 × 10−9
cm−1. The units are as in figure 3. The black line shows δv2(t)/δv20 .
Figure 6. Integral average of δv2(t)/δv20 over a time of Ω
−1 for the per-
turbation of figure 5. The maximum growth factor is approximately 2.4 and
is reached at the peak of the short time-scale oscillations near t ∼ 140Ω−1.
values to k·vA in the range:
k·vA : ±10−2Ω→ ±102Ω. (74)
As before, we found no unstable behaviour. The vast majority
of modes being damped with no traceable growth. We have iden-
tified about 10 modes that present a transient growth before being
eventually damped to zero, with maximum growth factor of order
unity.
High values of k·vA cause short time-scale oscillations of the
perturbations, which are ultimately damped. Figure 7 shows the be-
haviour of a perturbation with the same wave vector used in figure
3,but with k·vA = 102Ω. As might have been expected, given that
η  ν, in the case k·vA  Ω the damping is primarily due
to the resistivity, not the viscosity, and it occurs on a shorter time-
scale. While decreasing ν has a minor effect on the results of figure
7, decreasing η lessens the amplitude decrease. For the selected ro-
tation profiles, the effect of the magnetic field, in contrast to MRI
vulnerable systems, is to render the system yet more stable. Figure
8 shows the behaviour of a perturbation with the same wave vector,
with magnetic parameter k·vA = 102Ω, and η = 0.1η.
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Figure 7. Behaviour of the same perturbation of figure 3 in the k·vA =
102Ω case. The units are as in figure 3.
Figure 8. Behaviour of the same perturbation of figure 3 in the k·vA =
102Ω, η = 0.1η case. The units are as in figure 3.
6 CONCLUSIONS AND LIMITATIONS
The local stability of a differentially rotating medium is a subject
of great importance in the study of astrophysical fluids, most no-
tably in the fields of accretion discs and rotating stars. The effects of
non-axisymmetry, diffusive processes, and magnetic fields are often
subtle, but can be critical in many applications. We have presented
here a very general analysis, using the local linearised equations of
a weakly magnetized, differentially rotating fluid, with finite ther-
mal conductivity, viscosity, and resistivity for non-axisymmetric
WKB displacements. Locally co-moving Lagrangian coordinates
have been employed. In the non-axisymmetric case, the equations
are non-modal and the problem cannot be reduced to a dispersion
relation.
Differential rotation stratified on cylinders is often a favoured
model profile for the interiors of stars, discs, and, increasingly of-
ten, planets. This is of course inevitable when a barotropic equation
of state is used, but it is often justified on the basis of the clas-
sical axisymmetric Goldreich-Schubert criterion. Under conditions
valid in the radiative zone of the Sun, our analysis shows that this
is misleading, and the Sun evidently has little difficulty maintaining
a GSF-violating profile. Realistic values of ν and baroclinic rota-
tion models compatible with the data from helioseismology prevent
the growth of the GSF instability. It should be noted that, while
nominally tailored for solar rotation, the GSF study was carried out
long before the rotation profile of the Sun was actually known. The
rotation-on-cylinders stability criterion applies to much stronger
differential shear (which was the target of investigation of those
authors) than is actually present in the solar interior.
We have calculated the evolution of non-axisymmetric dis-
placements in the upper radiative zone and the tachocline of the
Sun, near r = 0.7R at various latitudes. We have found neither
unstable disturbances nor strong transient growth. Patterns of so-
lar rotation featuring angular velocity gradients similar to those in-
ferred from the helioseismology data are more stable than is com-
monly realised, though to be sure more work needs to be done to ad-
dress questions of global stability. The investigation described here
was carried out on the rotation pattern proposed by CBP15, which
is in strict, static radiative equilibrium. The feasibility of this model
may alleviate the problem of the circulation-induced spreading of
the tachocline (Spiegel & Zahn 1992).
We re-emphasise that only local stability has been discussed
here. Moreover, nonlinear destabilising shear processes may be
present, either locally or on global scales (Zahn 1975). While a full
understanding of this remains elusive (Menou & Le Mer 2006), it is
currently considered of great importance for the transfer of angular
momentum in stars.
Finally, our analysis assumes a uniform chemical composition
in the star. Although this is accurate in the bulk of the radiative zone,
other venues and other problems might benefit from relaxing this
hypothesis. If the tachocline of the Sun is characterised by strong
compositional gradients, for example, this would aid in confining
the magnetic field of the radiative zone (see Christensen-Dalsgaard
& Thompson 2007, Wood & McIntyre 2011).
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